Abstract With strong spin-orbit coupling, topological insulators have an insulating bulk state, characterized by a band gap, and a conducting surface state, characterized by a Dirac cone. Plasmons in topological insulators show high frequency-tunability in the mid-infrared and terahertz spectral regions with transverse spin oscillations, also called "spin-plasmons". This paper presents a discussion and review of the developments in this field from the fundamental theory of plasmons in bulk, thin-film, and surface-magnetized topological insulators to the techniques of plasmon excitation and future applications.
Introduction
Topological insulators are a new class of materials that have strong spin-orbit coupling, leading to an insulating bulk state and an odd number of conducting edges or surface states protected by time-reversal symmetry. Topological insulators were first theoretically predicted and then experimentally measured in two-dimensional materials, such as HgTe/CdTe [1] [2] [3] and InAs/GaSb [4, 5] quantum well, and three-dimensional materials, such as Bi2Se3, Bi2Te3, and Sb2Te3 [6] [7] [8] [9] [10] [11] .
Plasmons are collective charge density oscillations, which occur due to long-range Coulomb interactions. Plasmonics in metals has flourished because of the ability that it offers to localize light on metal surfaces and interfaces in sub-wavelength regions. Plasmons in topological insulators show even more interesting characteristics. Their resonance frequencies are in the mid-infrared and terahertz spectral regions, which can be tuned by varying the Fermi level [12] or the wave vector. The backscattering of surface electrons by nonmagnetic impurities is prevented by the strong spin-orbit coupling [13] , implying a long propagation length of plasmons. Moreover, due to spin-momentum locking, these plasmons are always accompanied by transverse spin oscillations and are thus also called "spin-plasmons" [14] . These features suggest that they have the potential for novel applications in plasmonics, spintronics and quantum computing. The surface conductivity of threedimensional topological insulators is often overwhelmed by the bulk conductivity due to doping introduced by natural defects. Nanoscale topological insulators have a large surface-to-volume ratio, thus enhancing the contribution of the surface state. Plasmons in nanostructured topological insulators, such as thin films, multilayers, and nanoribbons, are essential for future applications. For the past few years, plasmonics in topological insulators has attracted great attention and has been advancing at a rapid pace [15] . A thorough study and review in this field is necessary.
In this review, we summarize and discuss the recent theoretical and experimental progress of plasmonics in three-dimensional topological insulators. In section 2, the fundamental theory of plasmons in topological insulators is presented. In section 3, we focus on plasmons in topological insulator thin films. In section 4, plasmons in topological insulators subject to time-reversal symmetry breaking are discussed. In section 5, we review several methods of plasmon excitation. In section 6, we draw attention to some open questions and the future applications of plasmonics in topological insulators.
Plasmons on the surfaces of bulk topological insulators
In order to derive the plasmon modes on the surfaces of bulk topological insulators, we start from the surface Hamiltonian. The single-particle low-energy effective surface Hamiltonian of three-dimensional topological insulators can be expressed as [6] ( )
where
is the Fermi velocity, ẑ is the direction of the surface normal, σ is the Pauli matrix vector, and k is the wave vector of a single electron.
Plasmons are collective charge oscillations which occur through long-range Coulomb coupling. For the plasmons on the surface of a topological insulator, the many-body Hamiltonian including the Coulomb interaction should be considered:
where † ψ k is the creation operator of an electron with momentum k , S is the surface area of the topological insulator, ( ) Plasmons can be damped by single-particle excitations.
Intraband and interband single-particle excitations are both prevented in the range of Equation (1) under the assumption of low-temperature (
T is the temperature, and F k is the Fermi wave vector. In the long-wavelength limit (
The analytical form of the plasmon dispersion in this limit can be derived from Equations (3) and (6) 
As shown in Figure 1 , the plasmon frequency is proportional to q in the long-wavelength limit, but it asymptotically approaches the upper boundary of the single-particle intraband excitation in the shortwavelength limit. Bi2Se3, Bi2Te3, and Sb2Te3 have large electric permittivities ( 0 100ε > ), which lower the frequencies of the plasmons on the surfaces of these materials to the mid-infrared region. The retardation effect becomes strong only when the momentum of the plasmon is comparable to that of a photon with
The retardation effect exists only in a negligibly small region near the origin in Figure 1 ; therefore, we will only discuss non-retarded plasmons in this review.
Due to the spin-momentum locking, the flux density of charge particles ( j ) and the spin density ( S ) on the surface satisfy the relation [18] ( ) F ( )
The charge density wave must be accompanied by a transverse spin wave, which is a unique characteristic of the plasmons in topological insulators, called "spinplasmons". With the continuity equation, the ratio of the transverse spin amplitude ( T s ) to the charge density amplitude ( n ) can be obtained:
As shown in Figure 2 , the amplitudes of the two waves are comparable; for the parameters used in Figure 1 , the ratio is larger than one. Therefore, the coupled spin and charge density oscillations can be experimentally observed at the same time. solved by Equation (4) is shown by the blue solid curve, and the approximation given by Equation (7) in the long-wavelength limit is shown by the blue dash curve. The region of singleparticle interband excitation ( Ratio of the transverse spin amplitude to charge density amplitude calculated from the exact plasmon dispersion (solid) and the dispersion in the long-wavelength limit (dash) with the same parameters as used in Figure 1 3. Plasmons on the surface of topological insulator thin films ( ) V q in Equation (2) is modified for a topological insulator thin film where the plasmon modes on the top and bottom surfaces are unhybridized but Coulomb coupled. The RPA dielectric function becomes [19] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 
where 1 ε and 2 ε are, respectively, the electric permittivities of the media above the top surface and below the bottom surface of the thin film, and d is the film thickness. There are two zeros in Equation (10), which are the optical plasmon mode and the acoustic plasmon mode.
The acoustic plasmon mode corresponds to out-of-phase charge oscillations and in-phase spin oscillations on the two surfaces [20] . The acoustic plasmon frequency is strongly suppressed by the large electric permittivity of the topological insulator because the out-of-phase charge oscillations polarize the entire thin film. Outside the thin film, the electric field averages out so that only the spin oscillations can be observed. Thus, the acoustic plasmon mode is a "spin-like" mode. By contrast, the optical plasmon mode corresponds to in-phase charge oscillations and out-of-phase spin oscillations. The inphase charge oscillations create a uniform electric field inside the thin film, reducing the effect of the large electric permittivity and raising the plasmon frequency to the terahertz region. Outside the thin film, the in-phase charge oscillations polarize the surrounding materials. Thus, the optical plasmon mode behaves as a "chargelike" mode instead. The dispersion characteristics of thinfilm plasmons are shown in Figure 3 . The plasmon frequencies are sensitive to qd and F q k . When qd or F 1 q k  , the plasmon wavelength is much smaller than the film thickness or the distance between the intralayer electrons, meaning there is a weak interlayer Coulomb coupling. In this case, the plasmon dispersion curves approach that of the bulk topological insulator shown in Figure 1 , as is seen in Figure 3 . 
Plasmons in topological insulators with surface magnetization

Single topological insulator
The surface states of topological insulators are protected by the time-reversal symmetry. When the symmetry is broken by proximity to a magnetic material or by an externally applied magnetic field, the surface Hamiltonian acquires a Zeeman type of coupling term z mσ [21, 22] :
where the sign of m depends on the direction of the surface magnetization, and the size of the energy gap is 2m . Here we assume that the magnetization is normal to the surface because magnetization in other directions only shifts the position of the Dirac point. The transverse Hall conductivity introduced by time-reversal symmetry breaking leads to a charge polarization induced by a magnetic field and a magnetization induced by an electric field, called the topological magnetoelectric effect [23, 24] . This effect can be described by a " θ term" in the constitutive relations, 
The plasmon mode can be obtained from Equations (14)- (16) with appropriate boundary conditions. The plasmon mode is a hybrid mode, which is very different from the aforementioned transverse magnetic plasmon modes in gapless topological insulators. The ratio of the transverse magnetic component to the transverse electric component is independent of the gap size [25] :
where ε is the electric permittivity of the surrounding medium. The plasmon mode satisfies the condition The dispersion characteristics of plasmon modes found under this condition are consistent with those obtained by finding the zero of Equation (3); then the plasmons become purely transverse magnetic modes again.
When (A) the chemical potential enters the bulk conduction band or (B) the chemical potential is comparable to the energy gap, we can rewrite Equation (18) as [26] ( )
where the conductivity of the bulk conduction band is included in TI ε . If ( , ) q σ ω is a positive imaginary, the first term on the left side is always negative. Then, the equation will have a solution only if TI 0 ε ε + < , which is similar to the surface plasmon conditions in metals. In case (A), a topological insulator can be modelled as a metal ; then, surface plasmon modes exist at the interface between a topological insulator and a dielectric medium such as a vacuum. In case (B), a topological insulator acts as a normal insulator; so surface plasmon modes exist at the interface between a topological insulator and a conductor such as a metal.
Multilayer topological insulators
To maximize the effect of time-reversal symmetry breaking, plasmons in multilayer topological insulators, as shown in Figure 4 , are considered. In the longwavelength limit ( 0 q → ), the conductivity is
where H ( ) σ ω denotes the transverse conductivity Hall conductivity, derived from Equation (13) [27]:
and ( ) σ ω is the longitudinal conductivity defined in Equation (16), which is a function of ω in the longwavelength limit.
Assuming that the thickness, d l , of each layer is much smaller than the plasmon wavelength and that charge oscillations are in phase, the overall electric permittivity of the system can be expressed as [27] Figure 4. Multilayer structure composed of alternate stacking of topological insulators (gray layers) and dielectric insulators (blue layers)
where ave ε is the average electric permittivity of the multilayer structure. The collective excitations can be determined by solving the wave equation
where ave μ is the average magnetic permeability of the multilayer structure.
As can be seen from Equations (22) and (23), only the inplane polarization components of waves can "see" the effect of H ( ) σ ω . Assuming that both E and q are in-
When ( ) H , 0 q σ ω = , the two components of the electric field are decoupled, which correspond to the longitudinal bulk plasmon mode and the transverse electromagnetic wave, shown by the dash curves in Figure 5 . When ( ) H , 0 q σ ω ≠ , these two modes are hybridized, leading to two elliptically polarized eigenmodes, shown by the solid curves in Figure 5 . When q is small, there is a large gap between these two eigenmodes, which is determined by
, and each eigenmode is clearly separated from the decoupled plasmon mode and electromagnetic wave. By contrast, when q is large, the two eigenmodes separately approach the decoupled plasmon mode and electromagnetic wave while their gap increases, as seen in Figure 5 . 
By grating structure
Plasmons in a topological insulator cannot be directly excited by light incident from free space because the momentum of photons is always smaller than that of plasmons. A grating structure of an appropriate period compensates for the momentum mismatch, which has been widely applied to the excitation of plasmons in graphene [28, 29] and metals, as shown in Figure 6 . The first direct observation of plasmons in a topological insulator is done by illuminating Bi2Se3 nanoribbons with a terahertz light source [30] , where the nanoribbons form the grating. Because the phase-matched plasmon frequency is determined by the grating period, this method shows less flexibility.
By optical spin injection
Plasmons in topological insulators are always accompanied by spin waves. Exciting plasmons by optical spin injection has been proposed [18] , as shown in Figure  7 . Spins carried by circular-polarized light may couple to the surface Dirac cone unequally; therefore, spins on the surface of a topological insulator can be controlled by the polarization of the incident light. Two cross-polarized optical beams of laser pulses generate a transient spin grating on the surface; the grating period is determined by the wavelength and the angle between the two incident beams [31, 32] . Plasmons are excited when the spin grating period matches the momentum of the plasmons. Several theoretical works have shown the possibility of optical spin injection based on the symmetry considerations of the circular photogalvanic effect [33] and spin-dependent optical selection rules in ultrathin topological insulators [34] . Experiments, such as those using helicity-dependent photocurrents [35] and circularly polarized pump-probe spectroscopy [36] , also confirm the feasibility of optical spin injection. However, the calculations including both spin-orbit coupling and Zeeman coupling show that the photocurrent of the surface state is dominated by the helicity-independent term [37] , concluding that the experimentally observed helicity-dependent photocurrent [35] cannot be solely formed by the surface states. The Dirac surface states are found to extend deep into the materials. As a result, quantum interference between atomic layers should also be considered to calculate the full spin response [38] . The mechanism of light coupling to the surface states remains controversial; it needs more comprehensive theoretical and experimental studies. 
By difference-frequency generation
Difference-frequency generation is another method of exciting plasmon waves with a high tunability in the plasmon frequency. Two obliquely incident pump waves excite plasmons at their frequency difference and momentum difference, as shown in Figure 8 . Under the conditions that (1) the temperature is sufficiently low 
where γ is the plasmon decay rate. The value of this second-order nonlinear susceptibility is about 10 -6 , which is four times higher than that of other quantum-well structures [40] . 
Conclusions
Many theoretical studies have revealed interesting properties of plasmonics in both bulk and nanoscale topological insulators. The broad range of plasmon frequencies in the mid-infrared and terahertz regions makes topological insulators a good candidate for generators, modulators, and detectors in this spectral range. The "spinplasmon" nature enables spintronic applications, such as spin rectifiers [41] . Spin-plasmons only exist in the surface state, providing a method by which to probe the surface state regardless of its Fermi level.
The first experiment of plasmons in a topological insulator was done recently [30] , which proved the existence of plasmons characterized by the surface Dirac cone. It also opens up some important questions, including the discrepancy in plasmon dispersions and the temperature-independent plasmon scattering rate. The next step is to experimentally investigate the spin oscillations that accompany the plasmon waves. More theoretical work on the effect of phonon coupling and massive two-dimensional electrons in the depletion layers underneath the surfaces [20] is also needed in order to explain the experimentally measured results.
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